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Abstract 

There has been much recent work on the revenue-raising properties of truthful mechanisms for sehing 
goods. Typically the revenue of a mechanism is compared against a "benchmark" (such as, the maximum 
revenue obtainable by an omniscient seller selling at a fixed price to at least two customers) , with a view 
to understanding how much lower the mechanism's revenue is than the benchmark, in the worst case. 
Here we study this issue in the context of lotteries, where the seller may sell a probability of winning 
the item. We are interested in two general issues. Firstly, we aim at using the true optimum revenue 
as benchmark for our auctions. Secondly, we study the extent to which the additional expressive power 
resulting from lotteries, helps to improve the worst-case ratio. 

We study this in the well-known context of digital goods, where the production cost is zero. We 
show that in this context collusion-resistant lotteries (these are lotteries for which no coalition of bidders 
exchanging side payments has an advantage in lying) are as powerful as truthful ones. 

1 Introduction 

We consider a scenario in which a "digital good" is to be sold to many potential buyers, with the objective 
of maximizing the revenue. A digital good is assumed to have no cost of production. Given a set of buyers 
who may have diverse valuations for the good, a theoretical optimum for the revenue (commonly denoted 
opt) is given by the sum of the buyers' valuations. 

In a standard mechanism, a buyer would either win a copy of the good, or fail to do so. Here we consider a 
more expressive class of mechanisms in which a buyer i may be offered a probability A; of receiving the item; 
assuming that buyers are risk- neutral, if i has valuation Vi for the item, then i would have valuation ViXi for 
the probability to receive it. The general question we consider is, to what extent does this extra facility 
(to make probabilistic, or "lottery" offers) help us to design truthful mechanisms that better approximate 

OPT? 

1.1 Model and preliminaries 

We consider a setting in which we want to auction lotteries for digital goods jSj, i.e., goods with unlimited 
supply and no production costs. A lottery L = (A,p) (for a specified item) is defined by its win probability 
A G [0,1] and its non- negative real- valued price p. A bidder with valuation v purchasing lottery L has utility 
At; — p, i.e., his valuation for the item "weighted" by the win probability minus the lottery's price. 

The model is defined as follows. There are n bidders, with true valuations wi, . . . , w„, who bid hi, ... ,bn 
respectively. The auction then deterministically proposes lottery Li — {Xi(h),pi{h)) to each bidder i, where 
b = (bi, . . . ,bn); bidders buy the lottery if their utility is non-negative, i.e., the lottery satisfies voluntary 
participation. Given that win probabilities and payments are deterministic, z's utility XiVi—pi is deterministic 

*This work was supported by EPSRC grant EP/G069239/1 "Efficient Decentralised Approaches in Algorithmic Game 
Theory." 
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as well in our model. (That is, if the auction was repeated with the same bids, each bidder would be offered 
the same lottery, and the auctioneer's revenue would be the same. For a buyer, there remains the uncertainty 
regarding the win/lose outcome of the lottery itself.) 

This model finds justification on the fact that lotteries are increasingly being used by countries and web- 
sites to generate revenue (usually, the item being auctioned has an intrinsic value so high to justify buying 
the ticket even for negligible win probabilities). Moreover, our definition can also model sponsored search 
auctions in which the auctioneer sells probabilities of receiving a certain number of impressions rather than 
slots. 

We aim to design truthful auctions (where bidders maximize their utility when telling their true val- 
uations). In this setting, from the definition of utility, it is immediate to see that we are dealing with 
one-parameter bidders [5]. Therefore, according to the characterization of truthful mechanisms for one- 
parameter bidders, we have to design monotone lotteries, that is, lotteries for which the win probability is 
non-decreasing in the bid. Moreover, the amount bidder i must be charged is of the form [21 [7] 



where b_i denotes the bid vector b with all but the i-th entry and hi is any function depending on b_,; (but 
not bi). A stronger requirement is to demand collusion-resistant auctions in which any coalition of bidders 
maximizes the sum of the utilities of its members when they are truthtelling. Collusion-resistant lotteries 
are characterized in this context in terms of singular allocations. A win probability function Ai is singular if 
for all i, &i, b'_j, b_i, we have Ai(6i,b_i) = Ai(&i, b'_j)|^ A singular win probability Xi is then only function 
of bi. The authors of [7] prove the following theorem. 

Proposition 1 ([7]) ^ lottery is collusion-resistant if and only if its win probability functions are singular. 

We want these incentive-compatible auctions to guarantee a good approximation of the optimal revenue 
of the auctioneer. The optimal revenue is defined as OPT = J^i '^i for bidders' valuations wi, . . . , ?;„. (For a 
given bid vector b, we let OPT(b) — X]"=i ^i-) ^ mechanism approximates OPT within a ratio r if the sum 
of the payments collected from the bidders is at least opt/?-. Alternative benchmarks for comparisons are 
used in the literature when selling goods and not lotteries, the most prominent being J-'^'^^ = maxj=2,...,n ivi^ 
assuming Vi > Vi-^-i [5]. J^^^^ measures the maximum revenue achievable with a fixed posted price, under 
the constraint that at least two items are sold. For J-{h) defined as maxi=i....^„ z&i, with bi > it is 

known that J"(b) = 9(OPT(b)/ ln(n)) and that for all b, T{h) > OPT(b)/ In(ri) [8]. The focus on the 
rather technical benchmark J-^^^ is mainly motivated by the impossibility to approximate OPT reasonably 



The following observation indicates the extra power given by lotteries in revenue maximization. If bidders 
are known to have 2 possible types, represented by a high valuation H and a low valuation L, then OPT 
cannot be approximated better than about H/L by any deterministic "classical" auction selling goods and 
not lotteries. By contrast, if the auctioneer is allowed to sell lottery tickets with win probabilities of 1/2 and 
1 respectively, then a bidder with valuation L would be willing to pay L/2 to buy the first kind of ticket; 
similarly, a bidder with valuation H will pay H/2 to buy the ticket with win probability 1. The revenue of 
such a lottery is then OPt/2. 

1.2 Our contribution 

Our results are summarized in Table [T] When bids are know to come from a finite domain of size d, we 
establish that the optimal revenue may be approximated within factor d, but no lower constant factor is 
possible. Moreover, the upper bound of d is attained by a straightforward mechanism that is both anonymous 
(that is, an offer depends only on an agent's bid, and not on his identity) and singular (and so collusion- 
resistant). Meanwhile the lower bound applies to all truthful mechanisms, regardless of computational 
considerations. 

^The authors of 7 call these allocations posted-price mechanisms. However, we prefer the name singular as it reflects better 
the semantics of the property in the context of lotteries. 
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Table 1: The bounds on the approximation guarantee of the revenue of incentive-compatible lotteries versus 
OPT as a function of bidders' domain; the bounds marked by hold for collusion-resistant mechanisms and 
those marked by apply to truthful mechanisms. 

The motivation to study two-value domains arises from the fact that one can provably achieve the 
best approximation guarantee with respect to J^^^^ under this assumption ^ (see below for more details). 
Furthermore, these domains assume particular interest given that a precise bound, defined as function of 
the actual values in the domain and capturing the difficulty of approximating opt, can be proved. More 
generally, many real-life applications involve bidders with valuations from a finite domain. Money is, by its 
very nature, discrete with reasonable lower and upper bounds. Similarly, auctions on the web can collect 
bids through drop-down menus; the values available define a finite domain. 

Regarding bids that may come from a continuous domain [1,-ff], we obtain upper and lower bounds 
of ln(_ff), however there is a gap in our knowledge. The logarithmic lower bound, proved in [7], applies 
to collusion-resistant mechanisms, while for truthful mechanisms we establish that no ratio better than 
ln(ln(7J)) is possible. Using a similar proof, a somewhat incomparable lower bound can be proved: for any 
value of H there exists a value <5 > such that no truthful lottery can have a ratio better than ln^^''(iJ). 
However, we note that the growth rate in terms of H has not been precisely identified for mechanisms that 
need not be collusion-resistant. 

The lower bounds of Theorems |4] and [6] measure the limitation of truthful mechanisms in terms of 
approximation guarantee to OPT independently of the number of bidders. Surprisingly, the best one can 
achieve when requiring incentive-compatibility is in fact obtainable by mechanisms having the stronger 
property of collusion-resistance. To the best of our knowledge, this is the first known case in which collusion- 
resistant mechanisms are as strong as truthful ones. This represents, in a sense, a first positive result on 
collusion-resistant mechanisms which have otherwise very limited power, as shown by the strong negative 
results in [71 [TT]. 

Technically less involved proofs of Theorems |4] and [6] would suffice to obtain the corresponding results 
in the case of fixed number of bidders, e.g., n = 1 (a single bidder), but would weaken the equivalence of 
truthful and collusion-resistant mechanisms to hold only in rather limited scenarios. Our proofs rely on the 
application of Carver's theorem [4] which characterizes inconsistent linear inequality systems in terms of 
certain linear combinations of the constraints of the system. Requiring to approximate OPT within a given 
ratio gives rise to a linear system with a particular structure; our proofs exploit this structure to define a 
suitable linear combination according to Carver's theorem. 

Finally, let us observe that due to the simplicity of our anonymous and singular lotteries, our upper 
bounds hold also in the online setting of [9j . All our positive results hold in a setting in which bidders come 
online and a decision on the lottery to offer has to be made before the next bidder arrives. 

Roadmap. In Section [l.3| we review the related literature and, in particular, compare our model with that 
considered in previous revenue-maximizing auctions for digital goods. In Section[2]we give the straightforward 
logarithmic upper-bound on approximability of opt through lotteries when bidders bid from an interval 
[l,i7]. This can be considered as our technical motivation to study in detail the performance guarantee of 
lotteries. Domains comprised of only two values are considered in Section |3] The results in this section are 
used to extend the analysis to any finite domain in Section |4] Finally, on top of these results we prove the 
lower bound for continuous domains in Section [5l 
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1.3 Related works 



This work is motivated by the results in [3]. The authors of [3] show how lotteries help in maximizing the 
revenue from a pure optimization point of view (i.e., in a setting in which the valuations of the bidders are 
known). We here address a similar type of question in the setting of incomplete information and aim at 
obtaining similar results for incentive-compatible lotteries. 

Truthful lotteries defined above naturally relate to the truthful auctions for digital goods considered in 
[8| . The authors of [8j show that no deterministic truthful auction can guarantee a reasonable approximation 
of T and therefore focus on auctions defined as probability distributions over deterministic truthful auctions 
(these are commonly referred to as universally truthful auctions). However, they also show that these auctions 
fail to guarantee any constant approximation of J- (cf. Lemma 3.5 in [5j) and therefore the benchmark of 
interest becomes J^^^\ They define an interesting auction called Random Sampling Optimal Price (RSOP, 
for short) and prove that RSOP gives a (quite weak) constant approximation of J^^^^; they also conjecture 
the right constant to be 4. Better bounds are then proved in ^ and ^1; the latter work proves the conjecture 
to be true when the number of winners is at least 6 and in general for two-valued domains. 

Our lotteries are deterministic, although a degree of randomness is given by the probabilistic nature of 
the allocation. This random aspect can be seen to imply that our truthful lotteries are in fact universally 
truthful auctions when bidders bid from finite domains (e.g., the lottery of the example above can be seen as 
an uniform probability distribution over a deterministic auction which charges L and one which charges H for 
the item) . Then this research can also be seen as a continuation of [8 studying to which extent the knowledge 
of the domain helps in approximating opt (e.g.. Theorems |3] and [5] contradict the inapproximability result in 
[5j, i.e., Lemma 3.5 therein breaks down for finite domains). It remains the fact that for continuous domains, 
truthful lotteries are seemingly more expressive than universally truthful auctions. 

Another related work is [7] which considers collusion-resistant mechanisms for bidders with domains 
similar to ours. A characterization in terms of allocation rules is given (cf. Proposition [I]) for randomized 
mechanisms which define allocations, payments (and then utilities) in expectation over the random coin 
tosses of the mechanism. Since in our lotteries we work with deterministic utilities (even, when considering 
lotteries as universally truthful auctions) this characterization and the negative results in [7] hold in our 
setting as well. 

A related concept is the responsive lotteries of [6] in which a single agent reports his valuations of a set of 
alternatives, and is awarded one of them, using probabilities designed to incentivize him to report his true 
valuations (up to affine rescaling). The difference here is that we have just one kind of item, and multiple 
agents. 

Other benchmarks are defined in the literature to compare the revenue of incentive-compatible auctions, 
see, e.g., [ID]. To the best of our knowledge, however, this is the first work in which revenue is compared to 

OPT. 



2 A simple collusion-resistant lottery 

Assume that the bids to belong to the interval We define Ai(b) = ^-jj^jjy- Therefore, since 

l-bi 

ln(e • u)du = bi ln(6i) 



we have 

p,(b) = /i,(b_o + (^bMe ■ h) - bMh)^ = + 

Setting hiih^i) — (the value of the functions hi has no consequence for the truthfulness of the auction 
given that it is independent of bi), we have that the utility of agent i, when declaring 6;, is 

ln(5i) bi 

V. 



\n{H) \n{H) 
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which is maximized for bi = Vi. The revenue of this truthful auction is a ln(_ff)-approximation of opt. 
Finally, observe that since Xi{h) — X{bi) then the lottery is anonymous and singular and therefore collusion 
resistant. 

Theorem 2 There exists a hi{H) -approximate anonymous collusion-resistant lottery for bidders whose val- 
uations belong to the interval [l,H]. 

3 Two- value domains 

In this section we assume that bidders' valuations are known to come from a 2-element set {L, H} with 
L < H. To begin with, we consider some simple lambda functions that correspond to anonymous, collusion- 
resistant mechanisms. We then prove (Theorem [4]) that functions of this kind suffice to obtain optimal 
performance, even amongst mechanisms that need not be collusion-resistant, but just truthful. 

By essentially the same arguments as in [5] it is easy to show that a necessary condition to obtain 
truthfulness is that Xi{H) > X^{L)^ For a bidder i with true valuation H, the following truthfulness 
constraint must be satisfied 



which implies that pi{H,h-i) < H{Xi{H) — Xi{L)) -\- pi(L,h-i). To maximize the revenue one would like to 
set Pi{H, b_i) = H{Xi{H) — Xi{L)) -I- Pi{L, b_i). We next show that we can do that while guaranteeing the 
truthfulness of bidder i having valuation L. Indeed, the utility of such a bidder when lying and declaring H 
is: 



where the last inequality follows from (L — H){Xi{H) — Xi{L)) < 0. It remains to set a value for Pi{L, b_i) 
to guarantee voluntary participation, i.e., to guarantee that a bidder with valuation L buys the lottery; to 
achieve this, we set Pi{L) = LXi{L). 

From the above analysis, one could easily get an approximation guarantee of 2 by setting Xi{H) = 1 and 
Xi{L) = 1/2. However, it is possible to do better as shown by the next theorem. Below, we let iV//(b) (resp. 
NL{h)) be the set of bidders declaring H (resp. L) in b and n_f/(b) — |7V//(b)|; similarly, nL(b) denotes the 
number of Us in b. 

Theorem 3 There exists an anonymous collusion-resistant lottery for two-value domains {L, H}, whose 
revenue is a -approximation of OPT. 

Proof. We define Xi{L) = 2h-l ^'^'^ ^i{H) = 1 for all i. The revenue guaranteed by this lottery for a 
vector b is: 



The approximation guarantee follows from the observation that the optimum is defined as n/f (b)i? + nx,(b)L. 
Finally, the collusion-resistance and the anonymity of the lottery follows from having defined Ai(b) = X{bi) 



^We cannot blindly use the results in [2] since the technical assumption in that work is to have the lambda functions twice 
difTerentiable. This is not true for discontinuous functions, like the lambda functions for two-value domains. 



HX,{H) -p,{H,h_i) > H\{L) -p,;(L,b_,), 



p,{H,h^,) + L\{H) 



HiX,{H) - X,{L)) + LX,{H)-p,[L,h^,) < LA,(L) - p,(L, b_,), 




for all i. 



□ 
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Next wc show that no truthful lottery can improve on the ratio obtained by Theorem |3] Lotteries that 
are truthful — but not necessarily collusion-resistant — allow Ai to depend also on the bid vector b_i. The 
following result can be proved with the same logic in the case of n = 1 (where the vector b_i is trivial) with 
a significantly shorter proof (in such a case, the graph in Figure [l] comprises only two nodes and then the 
calculations involved are straightforward); we show here that it holds for any number of bidders n. 

Theorem 4 No truthful lottery for two-value domains {L,H}, L < H, has approximation guarantee better 
than ^^j^- 

Proof. Consider a truthful lottery which has approximation guarantee better than a > for a 2- value 
domain {L, L < H. By voluntary participation for L-bidders we have 

p,(L,b_,) <LA,(L,b_,). (1) 

By truthfulness for i7-bidders, we have p,;(iJ, b_i) — p,;(L,b„i) < H(\i{H,h^i) ~ A,;(L,b_j)), equivalently 

p,(i/,b_,) <ff(A.(i/,b_,)-A^(L,b_0) +P.(i,b-.)- (2) 
Combining ([T]) and ^ we get 

p,{H, b_,) < HX,{H, b_,) - (F - L)X,{L, h^,). (3) 
From ([3]) we have that for aU bid vectors b, 

n 

{HX,{H,h^i)-{H-L)\,{L,h^,))+ iA,;(L,b_,)>^P,:(b). 
Noting that Er=iP«(b) > = "«(b)g+»^(b)L ^ ^^^^.^^ ^-^^^ ^ 

Y (m,(i7,b_0-(H-i)A.(L,b_0)+ Y iA.(L,b_,)>"^^M^'-t^^. 

Rearranging the above and noting that Xi{H, b_i) < 1 for all i and b_i, we have the following system of 
2" linear inequalities: 

-{H-L) y A,:(L,b_,) + i T A.(£,b_0 > ' "^(^^ g + for all b. (4) 

There are n ■ 2"~^ variables {Ai(L,b_j) : i e [7i],b_,; G in the above system. Notice that each 

variable Ai(L,b_i) occurs only twice with a coefficient different from 0: in particular, its coefficient is in 
all the constraints relative to a bid vector b = (•,b'_j) with h' ^ ^ b_i; for b = (iJ, b_i), Ai(L,b_,;) has 
coefficient —{H — L) since i G Nnih); finally, for b = (L, b_i), the variable has coefficient L since i G N^Cb). 

In order to prove the theorem we want to study the values of a for which this system has no solutions. 
Towards this end, we let Xi{h-i) be a shorthand for Ai(L, b_i) and number all the possible m = 2" bid 
vectors b as b^^^ . . . , b^™). Then we denote by r(^)(a;) the terms involved in the j-th constraint of Q, i.e., 

r«(x):=-(i/-i) Y Y x.(bL^]) + "^(b'^"')'^ - ^Mh^'') H- -^(^J'h . 

We use Carver's theorem [4] which characterizes inconsistent systems of linear inequalities: according to [4] 
Q above admits no solution if and only if we can find m + 1 non-negative constants kj , such that 

m 

^fc,r(^)(a;) + fc,„+i = 0, (5) 
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H-L {H-LY {H~LY (H-L)'^ 

Figure 1: The graph constructed for n = 3. 



with at least one of the fc's being positive. We next show how to define the constants fci, . . . , fcm so that the 
two occurrences with non-nuU coefficients of each variable Xi{h-i) cancel out. 

To show how to define the constants kj we define a graph which has a vertex for each possible bid vector. 
We put an edge between two vertices if the corresponding bid vectors are adjacent, i.e., they differ in only 
one entry. Each vertex then has exactly n neighbors. This is a layered graph with n + 1 layers. Let layer i 
be the set of all vertices whose corresponding bid vectors are comprised of ^ — 1 Ws and n — £ + 1 Us. The 
graph is indeed layered as by definition a node at layer i only has neighbors at layer t — 1 and £ + 1. For a 
bid vector b^-'^ whose associated vertex lies in layer £ of the graph we define kj — jjfzzy- The construction 
is depicted in Figure [l] for the case of n = 3. To show that ([s]) is satisfied consider a variable Xi{h^i). 
The two occurrences of Xi{h_i) with a non-zero coefficient are for the bid vectors bi — (i?, b_,j), in which 
case Xi(b_i) has coefficient —{H — L), and b2 — (L,b_i), in which case Xi{h^i) has coefficient L. The two 
vertices associated to bi and b2 are by definition connected, with bi being a node at layer n/f (bi) + 1 and 
b2 being a node at layer n//(b2) + 1. By construction, we have n^f (b2) — n^f (bi) — 1 and therefore, letting 
i = nij(bi), we have that the constant k corresponding to bi is (^jj^i^y+i while the constant corresponding 
to b2 is jjfzj^je - This means that the contribution of variable Xi{h-i) to (jsj) is: 



Then, the following holds: 



a a 



We now study for which values of a the above sum is not positive. 

Consider all the nodes at layer £ of the graph. We call this set of nodes Si. We abuse the notation and 
say that b e S'f to mean that the node corresponding to b is at layer £ of the graph; we then rewrite the 
summation above and impose it to be less than or equal than 0: 

If the whole summation is non-positive, then there exists at least one layer £ for which the inner summation 
is non-positive. The bid vectors b in 5*^ have exactly £ — 1 i?'s, i.e., n/f (b) ^ £ — 1 and ^^(b) = n — £ + 1, 
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and then their number is d^i)- Moreover, all those bid vectors have the constant k set to {L/[H — L)Y 
Therefore, we have 

n \ L^-i n-l + 2^^fn\ a{l - 1) - {(. - 1) ^ ^ 



£-2j{H-LY-^ a \e-lJ{H-L) 



a 



n{n-l)---{n-£ + 2) L n{n - 1) ■ ■ ■ {n - £ + 2) L a{£ - 1) - (£ - 1) 

- 1)! (H-L) a 

1 1 a-1 

0>— + — — H, 

a [H — L) a 

which implies that a < . This means that for these values of a, the weighted sum of the known terms in 

([5]) is non-positive. Therefore, there exists a non-negative constant fcm+i which together with the constants 
ki, . . . ,km defined above satisfies ([s]). In other words, for a < , the system Q has no solutions and 

therefore no truthful lottery can guarantee better approximation ratios. □ 



4 The case of finite domains 

Following the same approach used for two- value domains one could study three- valued domains {L, M, H}, 
L < M < H . With such a study, one would prove an upper bound of (this is done by setting 

\i{H) — 1, \i{M) = ^HM^HL^M^ ^^'^ K{L) — zHM-HL-M'^ ) ^ matching lower bound (for, e.g., n — 2 
this is not hard to check using Carver's theorem). However, we prefer to focus on asymptotic bounds (on the 
approximability of opt) in terms of the number of allowed bid values in the domain, as opposed to detailed 
bounds in terms of those values. That is the goal of this section. 

It is not hard to check that it is possible to design collusion-resistant lotteries collecting a fraction of 
the optimal revenue when bidders bid from a finite domain D. (For \D\ = d the lottery assigns \i{bi) = j /d, 
hi having j — 1 smaller elements in 13.) We then have the following. 

Theorem 5 There exists a (anonymous) collusion-resistant lottery for finite domains {Si, . . . ,Bd\, whose 
revenue is a d- approximation o/OPT. 

We cannot improve over the above result even by relaxing the collusion-resistance to truthfulness. 

Theorem 6 For any d, there exist bids Bi > B2 > ■ ■ ■ , Bd such that no truthful lottery for the domain 
D = {-Bi, . . . , Bd\ has approximation guarantee better than d — e, for any £ > 0. 

Proof. By truthfulness constraints any truthful lottery must satisfy the following upper bounds on the 
payments, for 1 < t < d. Recall that pi and map bid vectors to bidder z's payment and win probability 
respectively. 

P^{Bu b-.) < Bt{\^{Buh^^) - A, (B^+i , b_, ) ) + P^{Bt+uh^i) 

d 



<BtK{Buh^,)+ J2 i-iBj-i-B,)K{B,,h^,)) 
j=t+i 

d-l 

= Bt{X^{Bt,h^i) - A,(Bt+i,b_,)) + Y ^1 (A^(S,,b_,) - A,(Sj+i,b_,)) + SdA,;(Bd,b_,) 



j=t+i 
d 

<Bt(A,(Bt,b_0-A,(Bt+i,b_0)+ ^J' 

j=t+i 
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where the last inequahty follows from the fact that by truthfulness Xi{Bj ,h^i) > Aj(i3j-|_i, b_j). We define 
the bids of the domain to satisfy < d-t+i ' ioi I < t < d, where :— ^^j^^.^ and get that, for 1 < i < d, 
it holdfl!] 

We also note that by voluntary participation, we have 

We can now upper bound the revenue of a truthful lottery. To ease the notation we set Xi{B,h^i) — for 
any i, b_i, and B ^ D. We then get 



i=l 4=1 iGAft(b) ^ ^ ^ 

n y \ d 

= J2 Bt(K{Bt,h^,)-K{Bt+i,h^,)]+J2M^)BtPe, 

i=l:ieNt{h) ^ t=l 

where Nt(h) is the set of bidders bidding Bt; nt{h) — \Nt{h)\. We now assume by contradiction that a 
truthful lottery has approximation guarantee better than d — e for the domain D as in the hypothesis. By 
assuming, without loss of generality, that Ai(i3i,b_i) = 1 for all i we then obtain the following system of 
linear inequalities 

Stf'T,A,(i?t,b_,)-A,(i?t+i,b_o) >-^"i(b)Si+^^^^M^foraUb, (6) 



i=l:ieNt(h) ^ ' t=1 

where at = 1 if i > 1 and otherwise. For d > t > 1, each variable Xi{Bt, b_i) in ^ has only two occurrences 
with a coefficient different from zero. Indeed, it appears with a coefficient of — i?f+i in the constraint relative 
to the bid vector (i?(-|_i,b_i) and has a factor of Bt in the constraint of {Bt,h^i). The constraints relative 
to all the other bid vectors have Xi{Bt,h_i) with a zero coefficient. Similarly to the binary-domain case, we 
enumerate all the possible m — bid vectors, b*^^), . . . , b^™^ and for each of those we define 

n , 

r(^)(A) := UMBtMlh - X,{Bt+uh^ll)) 



nt(b(j))Bt 



where A = (Ai, . . . , A„). By Carver's theorem to reach a contradiction and show the theorem it is enough to 
show that there exist m + 1 non- negative constants fcj , such that 

m 

Y h (r^^'^ (A) + A(J") ) + A:,„+i = 0, (7) 

with at least one of the fc's being positive. We call these fc's the Carver's constants. Akin to the proof 
of Theorem |4j to prove ([t]) we first show that there exist Carver's constants which make the sum of the 
r functions equal to (cf. Lemma [7| and then prove that these constants also annul the sum of the A 
functions (cf. Lemma [9]). 

^Note that this is a feasible definition as for the meaningful values of s, i.e., d > e > 0, < 1 and therefore we are only 

quantifying the "gap" between two consecutive bids of the domain. 
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Lemma 7 There exist positive constants fci, . . . , km such that X^JLi ^^'■^■'(A) = by canceling out all the 
variables Xi{-, •). These constants are the same for all the bid vectors h^^^ that have the same value o/ A*^^-*. 

Proof. For any bid vector h^^\ we define 

^«-nd(b«)) 

Claim 8 The constants fci, . . . , km are such that ^^-^'^^•'(A) = by canceling out all the variables Xi{-, •) 

if and only if for any bid vector b*^-'-' — (Bt,h'fJ), d>t>l and 1 <i < n, it holds that 

^* k„ (9) 



where b(") = (Bt-iM-l)- 

Proof. For the if part, note that by hypothesis fci, . . . , fc™ in particular cancel out the variable Xi{Bt, b^]), 
1 <i < n and d>t>l (recall that, for all i, the variable Xi{Bi, •) is set to 1 without loss of generality). As 
observed above this variable appears in ^ only twice with a non-null coefhcient. Specifically, Xi(Bt, b^] ) has 
a coefhcient of Bt in the constraint relative to b^^^ — (i3t,b*^]) and a coefficient of —Bt-i in the constraint 
defined upon b*^*) — (i3t_i,b^]). Then to cancel Ai(i?t, b'f]), it must be the case that 

Bfkj = Bt-iks. 

For the only if part, take Carver's constants ki, . . . , km which satisfy ([9]) and assume by contradiction there 
exists a variable Ai(i?f , b'f]), 1 <i < n and d>t>l, that has not a coefficient in X]j=i fcjT(^'(A). Since, 
as noted above, this variable has a non-zero coefficient only in the constraints relative to b'-'' — (i?f,b'f]) 
and b*^"-* = {Bt^i,h'"_i]) respectively then it must be the case that 

Btkj ^ Bt-iks, 

thus a contradiction. □ 

We then need to prove that our definition of Carver's constants in ([s]) satisfies the requirement in Q. Take 
two bid vectors b^-?' and b(^) defined as in ([9|. Since nt(b(-')) = nt(b(*)) -I- 1, nt_i(b(-')) = nt_i(b^''') - 1 
and n^(b(-')) = nr(b(")) for r e D\{t- l,t}, by we get that 

^ ^ Bt-1 B^ 

llr=l^r llr=l,r^t,t-l^r ' £>t ' ^t~l 

id(b< = ') 



t-1 



The proof concludes by observing that being the bids in the domain positive, so are the Carver's constants 
we define. Moreover, the second part of the lemma follows from the fact that A^-*^ is a function of nt(b*^-')), 
{!,..., d}. □ 

Lemma 9 For the Carver's constants fci, . . . , km defined in Lemma^ it holds: X^JLi kjA'--^^ — 0. 

Proof. The proof is by induction on d. 

The base case, for d = 2, follows from adapting the arguments used in the theorem above for the two- 
value domain to the case in which L < 2{2-£) ^ ■ In such a case, by (^8| we simply set the Carver's constant 
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to {L/HY~^ for a layer £ bid vector. As in Theorem |4j we call Se the set of all the nodes at layer i of the 
graph and say that b G S*^ to mean that the node corresponding to b is at layer £ of the graph. Since, here 
a used in Theorem |4] is equal to 2 and as for h £ Si, n/f (b) = £ — 1 and nL(b) — n — £ + 1, we get 

E A(^) . (^^ _ J - - 1) - ^ - (n - . + 1) 



n 



(n- l)---(n-^ + 2) L^-i n{n - 1) ■ ■ ■ {n - £ + 2){n - £ + 1) 



(^-2)! 2i?«-2 (^-1)! 2i/^-i' 

This contribution cancels out when one considers 

l)---(n-£ + 3) L^^^ n{n - \) ■ ■ ■ (n - £ + 2) L^^^ 



(£-i)\ 2H^-3 (^-2)! 2i/«-2 

bO)eSf_iU5'iUSj!+i 

1) + 2) L^-i n(n - 1) • • • (n - ^ + 1) 



(^-2)! 2ff^-2 (^-1)! 2iJ^-i 

+1) n(n- 1) ^)L^+i 

1)! 2i?^-i £! 2i7^' 

and therefore it is not hard to see that the sum kjA^^^^ telescopes. This concludes the proof of the base 
of the induction. 

As for the inductive step, let S-d be the set of bid vectors which do not include the bid Bd- The inductive 
hypothesis implies that for the domain D' = {Bi, . . . , Bd-i}, it holds that 

where kj is defined according to (IS]). This means that the contribution of the bid vectors in S-d to 
EJitjAO) is 



Below we let Sd be the set of bid vectors which include at least one bid equal to Bd- Moreover, given two 
positive integers we let Ai^^ be the set of tuples of positive integers ai, . . . , Op such that 'Y^h=\ 0-11 = ^ and 
let Dp be the set of all subsets of D \ {Bd} of size exactly p. (Note that for p > i, Ai^p — 0.) 

Claim 10 The following equality holds: 
Proof. We prove by induction on i = n — n(j(b(^^) that 

bO)e5d(i) p=l \{B,,i,...,S,p}eZ5p (ai,...,Qp)eA,,p ^ -'^ \ PJ I.Lh=l j 

where Sdij^ denotes the bid vectors with at least n ~ i bids equal to Bd- The claim follows from setting 
i = n — \. 

The base case is for i = 0, i.e., we consider the bid vector b^-'^ where all the bids are equal to Bd- By ([s]) 
we have that the Carver's constant for this bid vector is 1 and then we have X]b(3)eSd(o) ~ "li^d- 
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As for the inductive step, by inductive hypothesis we know that 

d-l 



b(3)eSd(i-i) 
By definition, 



n . . . (n — i + 1) 



E 



P=l \{B^j,...,S^p}e£)p (ai,...,ap)eAi_i.p 



(ai)!...(a,)!nLi^^"^ 



Y: k,Ai^'- E ^^^^■'+ E 

b(j)eSd(i) b(j)eSd(i-l) b(j):n<j(b(j))=n-i 



(10) 



A convenient way to study aU the bid vectors with exactly n — i B^s is to observe that these vectors are 
obtained by simply filling the remaining i slots with i bids fi'om Dp, 1 < p < d ~ 1. Then, 



b(i):nd(b(j))=n-i P=l 

where is defined next. To this aim, we introduce the following notation: For a given B = {Br^ , ■ • ■ , } G 
Dp, A = (ai, . . . ,ap) e Ai p we define b(yS, ^) to be a bid vector with n — i -B^'s, and a/j -Br^'s, ^ ^ h < p. 
We let yl) denote the number of these bid vectors. Finally, given a bid vector b we let fc(b) and A(b) 
be its associated value of the Carver's constant and the A-function. ^i p is defined as 

According to ([8|, and independently of which bidders bid what, the Carver's constant of the bid vectors 
h{B,A), as from the above, is „p ^''r,a^ . Therefore, we can rewrite $i_p as 



'^.P = E E 



n \ n — ai 



ai 



0.2 



Ep— 1 \ 
h=l (^h\ 



B\ 



Bl, 



^A{hiB,A)) 



BeDp AeAi^p 

We can rewrite the latter expression above as 



V V + ^ A(UB A)) 



Bl, 



n{n — 1) . . . (n — « + 1) 1 

(«i)!---(«p)! ^nLl^n^ 
n{n-l)...{n-i + l)l B^ 

(«i)!---(«p)! ^rur^ 



L ?i=i 

p 

[d - l)aiBi ~ ^ ahBr^ - {n - i)Ba 



h=2 



if Bl ^ 



otherwise 



assuming, without loss of generality, that for those B including Bi and any A G Ai^p, ai is the multiplicity 
of Bl in h{B,A). Accordingly, we can note that once the above expressions are simplified we can say that 
A € Ai-i^p in the definition of <i>i.p for the terms which include S^. (Indeed, note that we need Ai^p only for 
the terms multiplied by S^^^-) 

Consider then all the terms which include a coefficient „p ^''pgfe , for some A G Ai-i^p. The only positive 

llii=i^'h 

term including this coefficient is of the form 



n(n — 1) . . . (n — i + 1) 1 



B' 



{ai)l...{ap)l 



d Bl' 111^2 



(11) 
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However, from the inductive hypothesis we know that in X]b(j)6Sd(i-i) there is a term which is exactly 

the opposite of the above divided by d — 1. Moreover, in A G Ai^p, there are terms of the kind 



n{n-l)...{n-i + l)l B'^ 
(ai)!...(a.)!...(ap)! d B^^ Ul=2,r,^r B?!: 



{d - l)aiBi - QrBr - ^ QhBr^ - [n- i)Bd 



Since in doing the products, is simphfied to — 1 the above gives rise to an opposite of (11) divided by 
{d — 1). Note that in the above expression can take d — 2 possible values (specifically, all the bids in D 
but Bi and Bd)- Therefore, p includes d — 2 more opposites of (11 1 divided by d — 1. This implies that 
the contribution of each of the terms which includes 5^ sums up to in (10 1. This proves the claim. □ 

We now note that: 



hU)<£S-d V *=1 / P=l 



(12) 



where Tp is defined next. The vector h{B,A) is, in this case, a bid vector with Uh bids equal to Br^ and as 
above n{B,A) denotes the number of such vectors; k{h{B,A)) denotes the Carver's constant shared by all 
these vectors (cf. (|8|). 



n 



"!^^"E E E 

BeDp AeA„„ B^eB 



t=i 



1 



BeDp AeA„,p 
I 



h=l 



(ai)! . . . (a, - 1)! . . . (a^)! B?-~' WLur.^r Brl: 



From the last expression we can argue that for each possible A G An^p and B^ in B we construct a vector 
m. A £ yl„_i p; however, as B ranges over Dp, B^. can take d — 1 possible values and then each tuple in 
A G A„_i,p is obtained with a multiplicity of (d — 1). Therefore wc can conclude that 



Tp = n\B2{d~l)Y, J2 



1 



1 



BeDpAeA„- 



and then the lemma follows from the above claim and (12). 

By setting km+i — 0, the theorem follows by the two lemmata above. 



□ 
□ 



5 A lower bound for continuous domains and truthful lotteries 

Theorem 11 For truthful lotteries and bidders bidding from a domain [1,H], for sufficiently large H, opt 
cannot be approximated better than ln(ln(i/)). 

Proof. Assume for contradiction that there exists a truthful lottery, working on a domain [l,i?], which 
approximates OPT within a ratio c better than ln(ln(iJ)). Let d = c + 1, thus the lottery approximates 
OPT within d. This implies that for bid vectors consisting of bids in the set . . . , Bd}, 1 < Bi < H ior 
i = 1, . . . , d, the lottery achieves an approximation guarantee better than d. 

However, by Theorem [6] for any e > there exist values . . . , Bd for which no truthful lottery can 
guarantee an approximation ratio better than d — s. We put e = 1 and the corresponding bid values 
promised by Theorem [6] should rule out a c-approximation. All that is left to do to prove the theorem is 
to check that the bids whose existence is guaranteed by Theorem |6] actually belong to the domain [l,ff], 
thus reaching a contradiction. We set Bd = 1 and according to the proof of Theorem [6) with e = 1, we set 
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for 1 < t < d, Bt — ^^Bt+i where pi is defined to be j^jzrrj- This means that Bd = 1, Bd-i = d{d — 1), 
Bd-2 = d''{d-lf2,.'.\,Bi = d''-\d-lY-\d-l)\. 

Of course, we want to ensure that Bi (the largest bid value) is at most H , as H increases. Plugging in 
d < ln(ln(_ff)) + 1 into the expression for Bi we can verify that the resulting expression is indeed upper- 
bounded by _ff ; we have 

Bi < (In(ln(F))!(ln(ln(iy))i"('"(^»(ln(ln(iJ)) + 
It is not hard to verify this is sublinear in H. □ 

Following the same proof structure we can prove a different, somewhat incomparable, lower bound: For 
any H > e, there exists a value 6 > such that no truthful lottery can approximate OPT better than 
{ln{H)y^^ when bidders bid from [1,H]. In details, for this claim we would have 

B, < ((ln(H)i-^')!(ln(i/))(i-^)'('"(^»(ln(i/)i-* + l)(i-*)('"(^» 
< (ln(iJ) + l)3(i-^)(M^^)). 

1 

The claim follows by setting S to the smallest value a such that e'^'^*^ °' > H as the function x — {hi{x) + 
1)^ > for X < e"^-'^ and x > 0. 

Acknowledgements. We wish to thank Patrick Briest for proposing this study and for the invaluable 
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in Section 121 

References 

[I] Saeed Alaei, Azarakhsh Malekian, Aravind Srinivasan. On random sampling auctions for digital goods. 
Procs. of 10th ACM Conference on Electronic Commerce, pp. 187-196, 2009. 

[2] Aaron Archer and Eva Tardos. Truthful mechanisms for one-parameter agents. Procs. of 42nd IEEE 
Symposium on Foundations of Computer Science, pp. 482-491, 2001. 

[3] Patrick Briest, Shuchi Chawla, Robert Kleinberg and S. Matthew Weinberg. Pricing Randomized Allo- 
cations. Procs. of 21st SODA, pp. 585-597, 2010. 

[4] Walter B. Carver. Systems of Linear Inequalities. The Annals of Mathematics. Second Series, Vol. 23, 
No. 3, pp. 212-220, March 1922. 

[5] U. Feige, A. Flaxman, J. D. Hartline, and R. D. Kleinberg. On the competitive ratio of the random 
sampling auction. Procs. of WINE, pp. 878-886, 2005. 

[6] Uriel Feige and Moshe Tennenholtz. Responsive Lotteries. Procs. of 3rd SAGT, pp. 150-161, 2010. 

[7] Andrew V. Goldberg, Jason D. Hartline. Collusion-resistant mechanisms for single-parameter agents. 
Procs. of 16th SODA, pp. 620-629, 2005. 

[8] A. Goldberg, J. Hartline, A. Karlin, M. Saks, and A. Wright. Competitive auctions. Games and Economic 
Behavior 55(2), pp. 242-269, 2006. 

[9] Elias Koutsoupias, George Pierrakos. On the Competitive Ratio of Online Sampling Auctions. Procs. of 
6th WINE, pp. 327-338, 2010. 

[10] Thanh Nguyen. Revenue Maximization via Nash Implementation. Procs. of ICS, 2011. 

[II] J. Schummer. Manipulation through bribes. Journal of Economic Theory^ 91(3):180-198, 2000. 



14 



